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Abstract
We study some low-lying physical states in a superstring theory based on the quadrati-
cally non-linear SO(N)–extended superconformal algebra. In the realisation of the algebra
that we use, all the physical states are discrete, analogous to the situation in a one-scalar
bosonic string. The BRST operator for the N = 3 case needs to be treated separately, and
its construction is given here.
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1 Introduction
Superstring theories based on N = 1 superconformal algebras are the most realistic and the
most commonly studied string theories so far. It is natural, however, to look for string theories
with higher worldsheet symmetries, and to investigate their properties. If one insists on su-
persymmetry and linearity of the underlying conformal algebra, the list of possibilities is fairly
short, namely the N–extended superconformal algebras with N ≤ 4, and their twisted and
truncated versions. However, if one relaxes the requirement of linearity, then there exists two
kinds of superconformal algebras that go beyond N = 4. These are the super–W type algebras,
which include generators with spin higher than two, and the higher-extended (i.e. N > 4)
superconformal algebras which are also nonlinear, but they do not contain generators with spin
higher than two [1].
String theories based onW-type algebras are very complicated, and so far significant progress
has been made only in the study of bosonic W–strings. A nice feature of the W–algebras is
that their realisation allows a Minkowskian spacetime interpretation. In the case of higher-
extended superalgebras, the situation is different, in that while they are algebraically simpler,
because they do not contain higher-spin generators, their known realisations do not seem to
allow a Minkowskian spacetime interpretation. Instead, they seem to live on group manifolds.
Nonetheless, studies of strings on manifolds other than Minkowski spacetime have been very
useful in the past, and we expect that the situation may be similar here.
With these considerations in mind, in this paper we take a first look at the properties of a
string theory based on an SO(N)–extended superconformal algebra, where our main interest is
for N > 2. The quantum BRST operator for this algebra has already been constructed [2, 3].
The nilpotency of the BRST operator imposes conditions on the central extensions occurring in
the algebra. The critical central charge of the energy-momentum tensor for a string theory based
on SO(N)–extended superconformal algebra is dimSO(N) + 1. Realisations of the algebra are
not easy to come by. So far, there exists only one realisation that satisfies the conditions imposed
on the central extensions [5]. It makes use of a real scalar with a nonvanishing background
charge, N real fermions and Kac-Moody currents of SO(N) which may be constructed out of
any fields.
In this paper, we shall look at the spectrum of physical states. An analysis of the complete
spectrum is a highly nontrivial and complicated task which goes beyond the scope of the present
paper. Instead, we shall investigate the spectrum of physical vertex operators at the standard
ghost sector. We shall also look for examples of vertex operators in the nonstandard ghost
sector.
We also investigate the case of N = 3, which turns out to require special treatment. This
is because the Kac-Moody level must vanish for nilpotence of the BRST operator. A suitable
realisation of the algebra is not known. However, in this paper, we construct the abstract BRST
operator for this case.
2 The SO(N)–Extended Superconformal Algebra and Its Real-
isation
The SO(N) nonlinear superconformal algebra is generated by the energy-momentum tensor
T (z), the conformal dimension 3/2 fermionic supercurrents Gi(z), i = 1, · · · , N and the di-
1
mension 1 Kac-Moody currents Ja(z), a = 1, · · · , N(N − 1)/2. In the OPE language we have
[1]
Gi(z)Gj(w) ∼ C δ
ij
(z −w)3 +
σλaijJ
a(w)
(z − w)2 +
1
2
σλaij∂J
a(w)
(z − w) +
2δijT (w)
(z − w) +
µP ijab(J
aJb)(w)
(z − w) ,
Ja(z)Gi(w) ∼ −λ
a
ij G
j(w)
(z −w) , (1)
Ja(z)Jb(w) ∼ −
1
2
kǫ δab
(z −w)2 +
fabcJc(w)
(z − w) ,
where the generators λaij and the structure constants fabc satisfy
[λa, λb] = fabcλc , tr (λaλb) = −ǫδab ,
λaijλ
a
kℓ =
ǫ
2
(δikδjℓ − δiℓδjk) , facdf bdc := −cV δab = −ǫ(N − 2)δab , (2)
where ǫ is the square of the longest root (in our conventions, ǫ = 2 for even N , and ǫ = 4 for
odd N). The normal ordering in the nonlinear term is defined by : (JJ)(w) := 12πi
∮
dζ J(ζ)J(w)(ζ−w) ,
and furthermore the tensor P abij is given by
P abij = (λ
aλb)ij + (λ
bλa)ij + 2δjiδ
ab . (3)
The closure requirement of the OPE algebra (1) imposes the following conditions on the
parameters ocurring in the algebra [1]:
µ =
2
ǫ2(k +N − 3) , σ = µǫ(2k +N − 4) , C =
kǫ
2
σ . (4)
The remaining part of the algebra involves the energy momentum tensor. It has the standard
form with central extension given by
c =
k(6k +N2 − 10)
2(k +N − 3) . (5)
The algebra (1) can be realised in terms of a real scalar φ with a background charge α and
N real fermions ψi as follows [5]
T = −α∂2φ− 1
2
∂φ∂φ− 1
2
ψi∂ψi − 1
ǫ(k +N − 3)K
aKa ,
Gi = 2iα∂ψi + i∂φψi − 4iα
ℓǫ
λaijKaψ
j , (6)
Ja = Ka + 1
2
λaijψ
iψj .
Here the currents Ka obey a Kac-Moody algebra with level ℓ, and we must require the relations
ℓ = k − 1 ,
α2 =
ℓ2
4(k +N − 3) . (7)
2
The free fields φ and ψ obey the OPE’s:
φ(z)φ(w) ∼ −log (z − w) , ψi(z)ψj(w) ∼ δij(z −w)−1 . (8)
Note that the realisation (6) has a divergent coefficient when k +N − 3 = 0, in which case the
extended superconformal algebra (1) has singular structure constants. The algebra becomes
degenerate since after rescaling the fermionic currents Gi to achieve non-singular structure
constants, the central extension for the fermionic currents becomes zero. As we shall see in the
next section, for the case of N = 3 the criticality condition precisely requires that k = 0, and
hence the BRST analysis for this case has to be treated separately.
For N = 2, the realisation (6) reduces to the one discussed in [6], in the special case of one
complex scalar and one complex fermion. The real part of the complex scalar corresponds to φ,
while its imaginary part is used to realise the U(1) current K. In fact, the N = 2 case allows
a multi complex scalar and fermion realisation, for which the physical states have been studied
in [6].
3 The BRST Operator
It turns out that the BRST operator for the algebra (2.1) is nilpotent provided that [2, 4]
k = 6− 2N . (9)
Note that k = 0 for N = 3, in which case the algebra (1) becomes singular. Thus the case of
N = 3 has to be discussed separately, and will be given at the end of this subsection. For now
we shall proceed with the general discussion for N ≥ 4. With the criticality requirement of the
level number k given in (9), the background charge becomes
α =
2N − 5
2
√
3−N . (10)
One can check that the matter contribution to the central extension is given by
c = (
N
2
) + (1 + 12α2) +
(
ℓdimG
ℓ+ CV
)
,
= N2 − 12N + 26 , (11)
where the parantheses in the first line indicate the contributions of ψi, φ and theKa respectively.
The parameter α assumes the value given in (10), and CV is defined in (2). This value of c
is exactly cancelled by the total ghost contributions of spin 2, 3
2
, and 1, which is given by
(−1)2s+1 (12s2 − 12s + 2) for each field of spin s.
The BRST operator is given by
Q = Q0 +Q1 +Q2 +Q3 ,
Q0 = c
(
− 1
2
∂φ∂φ − α∂2φ− 1
2
ψi∂ψi − 1
ǫ(3−N)K
aKa − βa∂γa − 32ri∂si − 12∂ri si
)
,
Q1 = s
i
(
2α∂ψi + ∂φψi − 4α
ℓǫ
λaijKaψ
j
)
− bsisi + 2
ǫ
λaijβasi∂sj ,
Q2 = γa
(
Ka + 1
2
λaijψ
iψj − 1
2
fbc
aβbγc + λaij ri sj
)
,
Q3 = − 12µP abij Jarbsisj − 124µ2P abij P cdkl faceβbβdβesisjsksℓ . (12)
3
The ghost-antighost pairs (c, b), (si, ri), (γa, βa) correspond to the generators T,G
i and Ja,
respectively. They satisfy the following OPEs:
c(z)b(w) ∼ (z − w)−1 , si(z)rj(w) ∼ δij(z − w)−1 , γa(z)βb(w) ∼ δab(z − w)−1 . (13)
Denoting the spin-s generators by T (s), and the corresponding ghost fields by (c(s), b(s)), with
s = 1, 3
2
, 2, we can define ghost generators T
(s)
gh via the equations [Q, b
(s)} ≡ T (s)tot = T (s) + T (s)gh .
For linear algebras, one can then write Q =
∑
c(s)
(
T (s) + 1
2
T
(s)
gh
)
. However, in our case while
Tgh and J
a
gh obey the same algebra as T and J do, Ggh does not obey the same algebra as G.
Therefore, it is not as useful to write the ghostly contributions in terms of T
(s)
gh . In fact, one
can check they cannot all be expressed in terms of these currents since there are seven-ghost
terms in the BRST operator. Nonetheless, it is true here that Q0 = c Ttot and Q2 = γa J
a
tot.
The problem of determining the spectrum of physical states amounts to finding all nontriv-
ially BRST invariant vertex operators built from the matter and ghost fields. A physical state
corresponding to a physical vertex operator V (z) is expressed as V (0)|0 >, where |0 > is the
SL(2, C) invariant vacuum. Denoting the modes of spin–s ghost system by (c
(s)
n , b
(s)
n ), we recall
that the SL(2, C) ivariant vacuum has the property c
(s)
n |0 >= 0 for n ≥ s and b(s)n |0 >= 0 for
n ≥ (1− s).
Like the N = 1 NSR superstring, it is necessary to bosonise the ghost fields (si, r
i) for the
fermionic currents Gi:
si = ηi e
σi , ri = ∂ξi e−σi , (14)
where σi are scalar fields, and (ηi, ξ
i) are anticommuting spin (1, 0) fields. They obey the OPEs
σi(z)σj(w) ∼ −δij log (z − w) , ηi(z)ξj(w) ∼ − δ
j
i
z −w . (15)
In terms of the bosonised fields the BRST operator can be written as
Q = Q0 +Q1 +Q2 +Q3 ,
Q0 = c
(
− 1
2
∂φ∂φ− α∂2φ− 1
2
ψi∂ψi − 1
ǫ(3−N)K
aKa − βa∂γa − b∂c
− 1
2
(∂σi)
2 − ∂2σi − ηi∂ξi
)
,
Q1 = η
i eσi
(
2α∂ψi + ∂φψi − 4α
ℓǫ
λaijKaψ
j
)
− b∂ηiηie2σi + 2
ǫ
λaijβaηie
σi∂ηje
σj ,
Q2 = γa
(
Ka + 1
2
λaijψ
iψj − 1
2
fbc
aβbγc − λaij ∂ξiηje−σi+σj
)
,
Q3 = 12µβa
(
Ka + 1
2
λakℓψ
kψℓ
)(
P abii ∂ηiηie
2σi + P abij ηiηje
σi+σj
)
− 1
24
µ2fac
eβbβdβe
(
1
12
P ab,cdiiii ∂
3ηi∂
2ηi∂ηiηie
4σi + 1
2
P ab,cdiiik ∂
2ηi∂ηiηiηke
3σi+σk
+P ab,cdiikk ∂ηiηi∂ηkηke
2σi+2σk + P ab,cdijkl ηiηjηkηℓe
σi+σj+σk+σℓ
)
, (16)
where summation over repeated indices is understood, and
P ab,cdijkℓ := P
ab
(ijP
cd
kℓ) . (17)
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It is to be understood that an expression such as eσ1+σ2 really means : eσ1 : : eσ2 :, which equals
− : eσ2 : : eσ1 : since both of these exponentials are fermions. Thus we have eσ1+σ2 = −eσ2+σ1
in this rather elliptical notation. The total energy-momentum tensor Ttot = {Q, b} and total
spin–1 current Jatot = {Q,βa} are given by
Ttot = − 12(∂φ)2 − α∂2φ− 12ψi∂ψi −
1
ǫ(3−N)K
aKa ,
−2b∂c− ∂b c− βa∂γa − 12(∂σi)2 − ∂2σi − ηi∂ξi (18)
Jatot = K
a + 1
2
λaijψ
iψj − fbcaβbγc − λaij ∂ξiηje−σi+σj . (19)
The non-vanishing inner product for the ghost fields is given by
< 0| ∂2c ∂c c γ1γ2 · · · γN(N−1)/2 e−2σ1−2σ2−···−2σN |0 >= 1 . (20)
In analysing the spectrum of BRST nontrivial physical states, it is useful to keep in mind
the picture changing operators and the notion of conjugate states. The only picture changing
operators in this theory are given by Zi = [Q, ξi] = −c∂ξi + · · ·. As for the conjugate states,
they are defined as follows. Given a state characterised by V (0)|0 >, its conjugate is given
by < 0|V †, where V † is constructed in such a way that < 0|V †V |0 > is proportioanl to the
inner product defined in (20). Checking the BRST invariance of the conjugate states is a very
convenient tool in checking the BRST nontriviality of a given state. In order to show that a
given BRST invariant state is BRST nontrivial, it suffices to check that its conjugate state is
BRST invariant.
Before ending this subsection, we shall discuss the BRST operator for the case of N = 3.
The SO(3)-extended superconformal algebra is generated by J i and Gi for i = 1, 2, 3, whose
OPEs are given by
Gi(z)Gj(w) ∼ k − 1
(z − w)3 +
2(1− k)
k
εijkJk
(z − w)2 +
2δijT + 1−kk ∂J +
1
k (J
iJ j + J jJ i)
z − w ,
J i(z)Gj(w) ∼ ε
ijkGk
z − w , J
i(z)J j(w) ∼ −
1
2
k
(z − w)2 +
εijkJk
z − w , (21)
together with the energy-momentum tensor T with central charge c = (−1 + 3k)/2. The
criticality condition ctot = cmat + cgh = 0 implies that k = − 1
3
; however, the condition that
J itot have zero central extension requires that k = 0. Thus one cannot build a nilpotent BRST
operator for the algebra (21). However, when k = 0 the algebra (21) becomes singular. We
can rescale the fermionic currents, Gi −→ Gi/√k, to obtain a contracted algebra for k = 0. In
terms of the rescaled currents, the algebra (21) becomes:
Gi(z)Gj(w) ∼ 2ε
ijkJk
(z − w)2 +
εijk∂Jk + J iJ j + J jJ i
z − w
J i(z)Gj(w) ∼ ε
ijkGk
z − w , J
i(z)J j(w) ∼ ε
ijkJk
(z − w) , (22)
together with the energy-momentum tensor T with an arbitrary value of central charge, which
can be set to the critical value c = −1. We find that the BRST operator is given by
Q = c(T − b∂c+ 3
2
ri∂si + 1
2
∂ri si − βi∂γi) + siGi + γiJ i
+εijkγirjsk − 1
2
εijkγiβjγk − J iβjsisj . (23)
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4 Physical States
Starting from the BRST operator (16) for the SO(N)-extended superconformal algebra for
N ≥ 4, we shall now study some of the physical states in this section. The simplest BRST
invariant operator is clearly the unit operator, corresponding to the SL(2, C) vacuum state.
The next natural physical operator to consider is the one which corresponds to the lowest
energy state. It is given by
V0 = ce
−σ1−σ2···−σN ξAΦA e
pφ , (24)
where A labels an arbitrary representation of SO(N), ξA is a polarisation vector, and ΦA is the
primary field under the Sugawara energy-momentum tensor TSGW (z) = − 1ǫ(3−N)KaKa. The
field ΦA satisfies the following OPEs:
Ka(z)ΦA(w) =
−τaABΦB(w)
(z − w) , (25)
TSGW (z)ΦA(w) =
CR
ǫ(3−N)
ΦA(w)
(z − w)2 +
∂ΦA
(z − w) , (26)
where τaAB are the SO(N) generators in the representation R and CR is the eigenvalue of the
second Casimir in this representation: (τaτa)AB = −CRδAB . In particular, for the r–th rank
totally antisymmetric representation we have CR(r) =
ǫ
2r(N − r).
The physical operator V0 (24) has standard ghost structure, in that it is built with the
standard ghost vacuum vertex operator ce−σ1−σ2···−σN . For such states, the physical-state
condition can be summarised as follows:
L0|Phys〉mat = (1− N2 )|Phys〉mat , Ln|Phys〉mat = 0 n ≥ 1
Gi
n+ 1
2
|Phys〉mat = 0 , Jan |Phys〉mat = 0 , n ≥ 0 , (27)
where the currents are constructed from matter only. The matter part of the physical operator
V0, being tachyonic, is already annihilated by the positive modes of the currents. However, the
J0 condition implies that Φ
A has to be a singlet under the Kac-Moody currents Ka, and the
remaining mass-shell condition determines that the momentum for the scalar field φ is given by
p± =
1
2
√
3−N
(
− 2N + 5± 1
)
. (28)
In checking this, and in further calculations, it is useful to note the dimension formulae ∆
(
epφ
)
=
− 1
2
p(p + 2α), and ∆ (eqσ) = − 1
2
q(q + 2). Furthermore, for a scalar field φ satisfying the OPE
given in (8), the following OPE holds: eaφ(z) ebφ(w) = (z − w)−ab eaφ(z)+bφ(w).
Higher-level physical states with standard ghost structure can be obtained by acting with
excitations of the basic fields on the lowest-energy state V0. Thus the matter part of the vertex
operators take the form
V = RA(∂φ, ψi,Ka)ΦA e
pφ , (29)
where RA is a polynomial in the basic fields ∂φ, ψi and Ka. RA can be characterised by its
conformal dimension, i.e. its level number. For a physical operator with level number n, the
mass-shell condition implies that
− p
2
2
− αp + CR
ǫ(3−N) − 1 +
N
2
+ n = 0 . (30)
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To obtain the explicit form of a higher level physical operator (29), it is necessary to solve the
physical-state conditions (27), which become very complicated with increasing level number.
However, we can discuss certain general features of the physical states with standard ghost
structure. Since the basic fields and the currents have a one-to-one correspondence, i.e.
T ←→ ∂φ , Gi ←→ ψi , Ja ←→ Ka , (31)
it follows that the matter excitations RA(∂φ, ψi,Ka) can be re-expressed as RA(Tn, G
i
m, J
a
k ).
Physical states of this form are BRST trivial. Thus we expect that all excited physical states
with standard ghost structure are BRST trivial. Such a phenomenon also occurs in the one-
scalar string theory and the two-scalar W string, where all the higher-level physical states with
standard ghost structure are trivial.
However, this does not imply that the BRST cohomology of the system is simple. In fact
it can have a very rich structure, since there can be many physical states with non-standard
ghost structure. Studying the physical states with standard ghost structure, namely the BRST
trivial states, can unveil the physical states with non-standard ghost structure. To see this, we
note that a higher-level physical state (29) can be written as Qχ for generic on-shell momentum
since it is BRST trivial. However, if for certain a special value of on-shell momentum the state
becomes zero, then it implies that the operator χ becomes BRST invariant for this special value
of momentum. Obviously the operator χ has a non-standard ghost structure, and it corresponds
to a BRST-non-trivial physical state.
First we shall look at the physical states with level number 1
2
, which have the form
V = ξi AGi
− 1
2
ΦA e
pφ = −ξiA
(
pψiΦA +
2√
3−N λ
c
ij τ
c
AB ψj ΦB
)
epφ . (32)
The only non-trivial physical-state conditions are the Ja0 and L0 conditions. The former implies
that ΦA is a singlet under the Kac-Moody currents K
a; the latter implies that the momentum
p satisfies the mass-shell condition (30) with CR = 0. This BRST trivial state will not vanish
for any on-shell momentum, and hence we do not expect that there exists a BRST non-trivial
state in the lower ghost number.
At level n = 1, we consider SO(N)–singlet physical states of standard ghost structure, with
matter-dependent factors of the form
V = (λaijG
i
− 1
2
Gj
− 1
2
+ xJa−1)Φae
pφ , (33)
where x is a constant. It is straightforward to show that these states can be rewritten as
V =
[(
x− 2(q +N − 2)
3−N
)
Ka + 1
2
(
x+
2(q +N − 2)2
3−N
)
λaij ψi ψj
]
Φae
pφ , (34)
where q ≡ p√3−N . The physical-state conditions (27) then require that the mass-shell con-
dition
(q +N − 1)(q +N − 4) = 0 (35)
be satisfied, and then also give rise to a polarisation condition which determines the constant
x:
x =
(q +N − 2)(q +N − 3)
N − 3 . (36)
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Thus it is easy to see that if the momentum satisfies the condition q = 1−N , corresponding to
the first root of (35), the physical state described by V vanishes identically. This is the situation
where a physical state that is generically null becomes identically zero at a special value of the
on-shell momentum. It signals the occurrence of a BRST non-trivial physical operator at ghost-
number one less than that of the standard physical states, since at this momentum the null
operator Qχ vanishes, implying that χ itself becomes physical.
For the case of N = 2, we can easily find the explicit form of the physical operator χ. It is
given by
χ = c
(
ψ1 ∂ξ2 e
−σ1−2σ2 + ψ2 ∂ξ1 e
−2σ1−σ2 + 2β e−σ1−σ2
)
e−φ . (37)
One can check, by constructing the operator conjugate to this, that χ is BRST non-trivial. For
N > 3, the analogous operator is given by
χ = c
(
ψi ∂ξj e
−σj−Σσ λaij +
2√
3−N β
a e−Σσ
)
Φae
pφ , (38)
where exp(−∑σ) = exp(−σ1 − · · · − σN ) and exp(−σj −∑σ) = exp(−σ1 − σ2 − · · · − 2σj −
· · · − σN ). The momentum p = q/
√
3−N is given by q = 1−N .
5 Comments
With the realisation (6) for the SO(N)–extended superconformal algebra, one expects that
in the sector of physical states with standard ghost structure, there should be no states with
excitations of the matter fields, and that the only non-trivial physical state should be the
tachyon. This is because the number of matter fields is the same as the number of constraints,
and thus there are no transverse spacetime directions. In this paper we have seen that this
is indeed true, but that in addition there are further physical states with non-standard ghost
structure; i.e. with ghost as well as matter excitations. Multi-scalar realisations, which might
allow the possibility of obtaining a spacetime interpretation, are unknown for the cases N > 2.
On the other hand, for N ≤ 2, where the algebras are linear, multi-scalar realisations are well
known, and they indeed lead to string theories with target spacetimes that allow for transverse
excitations. Although we have only exhibited a small number of physical states in this paper,
we expect that there will exist infinite numbers of such states at arbitrary ghost numbers, in
much the same way as one finds in the one-scalar bosonic string.
The case of N = 3 is special, because the Kac-Moody level required by nilpotency of
the BRST operator is zero, which conflicts in the full N = 3 algebra with the value of the
central charge that is required by nilpotency. This conflict can be circumvented by performing
a rescaling of the fermionic generators Gi that becomes singular in the limit where the Kac-
Moody level tends to zero. By this means, we have been able to construct a nilpotent BRST
operator for a contraction of the full N = 3 algebra.
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